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Learning Outcomes
• Recognize that transfer functions can describe the dynamic behavior of 

physical systems.

• Model basic mechanical systems using transfer functions.

• Model basic electrical systems using transfer functions.

• Model basic mechatronic systems using transfer functions.

• Understand the important role of modeling in the control system design 
process.
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Mathematical model
• Mathematical models vs. Physical Systems
• Mathematical model: approximate actual system’s behavior and test 

control design
• More accessible, safer, and less expensive
• Modeling is difficult and expensive
• First principle modeling vs. Data-driven modeling
• A model is NOT the same as its real-world counterpart
• Same system can be modeled in different forms
• A good model captures the system’s essential characteristics
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Example
• Physical system: a common 1-Ω 2-W carbon 

composition resistor
• 1-V dc power supply 

- Mathematical model: current 1 A, and power
- Physical system: current approximately 1 A, 

and power approximately 1 W
• 10-V dc power supply

- Mathematical model: current 10 A, and power
100 W

- Physical system: no current

𝑝𝑝 𝑡𝑡 = 𝑣𝑣2(𝑡𝑡)
𝑅𝑅

= 1 W
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Linear Model
• Principle of Superposition

System
𝑢𝑢1(𝑡𝑡) 𝑦𝑦1(𝑡𝑡)

𝑢𝑢2(𝑡𝑡) 𝑦𝑦2(𝑡𝑡)

𝑢𝑢 𝑡𝑡 = 𝛼𝛼1𝑢𝑢1 𝑡𝑡 + 𝛼𝛼2𝑢𝑢2(𝑡𝑡) 𝑦𝑦 𝑡𝑡 = 𝛼𝛼1𝑦𝑦1 𝑡𝑡 + 𝛼𝛼2𝑦𝑦2(𝑡𝑡)

Superposition System is Linear

6
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Why Linear Model
• NO mathematical model of a physical system is exact.

• All physical systems are nonlinear.

• Nonlinear model: significantly more challenging to analyze

• Linear model: adequate for control design purpose

• Linearization: linearize simple nonlinearities
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The Laplace Transform
• Laplace transform

𝐹𝐹 𝑠𝑠 = 𝐿𝐿{𝑓𝑓(𝑡𝑡)} ≜ �
0

+∞
𝑓𝑓(𝑡𝑡)𝑒𝑒−𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑

𝑠𝑠 = 𝜎𝜎 + 𝑗𝑗𝑗𝑗

8

Laplace
𝑓𝑓(𝑡𝑡) 𝐹𝐹 𝑠𝑠
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Properties of Laplace Transform
• Superposition

• Differentiation

𝐿𝐿 𝑓𝑓 𝑡𝑡 = 𝐹𝐹 𝑠𝑠

𝐿𝐿{𝑓𝑓(1)}= 𝑠𝑠𝑠𝑠 𝑠𝑠 − 𝑓𝑓(0) 𝐿𝐿{𝑓𝑓(2)}= 𝑠𝑠2𝐹𝐹 𝑠𝑠 − 𝑠𝑠𝑠𝑠 0 − 𝑓𝑓(1)(0)

𝐿𝐿{𝑓𝑓(𝑚𝑚)(𝑡𝑡)}= 𝑠𝑠𝑚𝑚𝐹𝐹 𝑠𝑠 − 𝑠𝑠𝑚𝑚−1𝑓𝑓 0 − 𝑠𝑠𝑚𝑚−2𝑓𝑓(1) 0 −⋯− 𝑓𝑓(𝑚𝑚−1) (0)

9

𝐿𝐿 𝛼𝛼𝑓𝑓1 𝑡𝑡 + 𝛽𝛽𝑓𝑓2 𝑡𝑡 = 𝛼𝛼𝐹𝐹1 𝑠𝑠 + 𝛽𝛽𝐹𝐹2 𝑠𝑠
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Feedback Control Design

Process
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Dynamics of Mechanical System

Translational Motion Rotational Motion

Move from one point to another

Spin around

Combined Rotation and Translation
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Translational Motion
• Newton’s law (second law): In an inertial reference frame, the vector 

sum of the forces F (N) on an object is equal to the mass m (kg) of that 
object multiplied by the inertial acceleration (m/sec2) of the object

• Displacement, Velocity, and Acceleration 

𝐅𝐅 = 𝑚𝑚𝐚𝐚

𝑣𝑣(𝑡𝑡) = 𝑥𝑥 1 (𝑡𝑡) 𝑎𝑎(𝑡𝑡) = 𝑣𝑣 1 (𝑡𝑡) = 𝑥𝑥 2 (𝑡𝑡)

𝑉𝑉(𝑠𝑠) = 𝑠𝑠𝑋𝑋(𝑠𝑠) 𝐴𝐴 s = 𝑠𝑠𝑉𝑉 𝑠𝑠 = 𝑠𝑠2𝑋𝑋(𝑠𝑠)
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Spring and Damper
• Spring
• Hooke’s law 

• Viscous Damper
• Model friction

𝑣𝑣

𝐹𝐹𝑠𝑠 = −𝑘𝑘𝑘𝑘 𝐹𝐹𝑑𝑑 = −𝑏𝑏𝑏𝑏
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Cruise Control Model
• Write the equation of motion for 

the speed and forward motion
• Find the model between the 

engine force u (input) and the 
speed v (output)

• Input jumps from being u=0 at 
time t=0 to a constant u=500 N 
thereafter.

• Car mass m is 1000 kg and 
viscous drag coefficient b= 50 
N*sec/m.
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Free-body diagram for cruise control
• The result is

• Input-Output equation of motion

• Transfer function Model

𝑢𝑢(𝑡𝑡) − 𝑏𝑏𝑏𝑏(𝑡𝑡) = 𝑚𝑚𝑚𝑚(𝑡𝑡)

𝑚𝑚𝑣𝑣 1 (𝑡𝑡) + 𝑏𝑏𝑣𝑣(𝑡𝑡) = 𝑢𝑢(𝑡𝑡)

𝑉𝑉(𝑠𝑠)
𝑈𝑈(𝑠𝑠)

=
1

𝑚𝑚𝑠𝑠 + 𝑏𝑏

𝑏𝑏𝑏𝑏

𝑎𝑎
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Active Suspension System
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Suspension Model
• Write the equation of motion for 

the automobile and wheel motion
• Vehicle mass: 1580 kg including 

four wheels (mass: 20 kg each)

• Car deflection: 𝑘𝑘𝑠𝑠 = 130,000 N/m
• Wheel deflection: 𝑘𝑘𝑤𝑤 = 1,000,000

N/m
• Friction constant: 𝑏𝑏 = 9800 N*sec/m
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Rotational Motion
• Newton’s law to one-dimensional 

rotational systems

• Torque 𝜏𝜏 (N*m): normally applied 
from a motor

• Moment of inertia 𝐼𝐼 (kg*m2)
• Angular velocity 𝜔𝜔 (rad/sec) and 

angular displacement 𝜃𝜃 (rad)

• Angular acceleration 𝛼𝛼 (rad/sec2):

𝜏𝜏 = 𝐼𝐼𝛼𝛼

𝜔𝜔(𝑡𝑡) = 𝜃𝜃(1)(𝑡𝑡)

𝛼𝛼(𝑡𝑡) = 𝜔𝜔 1 (𝑡𝑡) = 𝜃𝜃(2)(𝑡𝑡)

𝑇𝑇 𝑡𝑡 = −𝐾𝐾𝜃𝜃(𝑡𝑡)

𝑇𝑇 𝑡𝑡 = −𝐷𝐷𝜃𝜃(1)(𝑡𝑡)

Α 𝑠𝑠 = 𝑠𝑠Ω 𝑠𝑠 = 𝑠𝑠2Θ(𝑠𝑠)

Ω 𝑠𝑠 = 𝑠𝑠Θ(𝑠𝑠)
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Quadrotor Drone
Translational Motion Rotational Motion

• Roll: Rotate around the front-to-back axis
• Pitch: Rotate around the side-to-side axis
• Yaw: Rotate around the vertical axis

Pixhawk 6
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Transfer function
• Transfer Function

• Double-integrator plant

Θ(𝑠𝑠)
𝑈𝑈(𝑠𝑠)

=
1
𝐼𝐼

1
𝑠𝑠2

1
𝑠𝑠2

𝜃𝜃(2) 𝜃𝜃(1)𝜏𝜏

𝜏𝜏 = 𝐼𝐼𝜃𝜃(2)
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Motor-load system
• Flexible Connection

• Rigid Connection
𝐾𝐾𝜃𝜃𝑚𝑚 𝑡𝑡 − 𝐾𝐾𝜃𝜃𝐿𝐿 𝑡𝑡 = 𝐽𝐽𝐿𝐿𝜃𝜃𝐿𝐿

(2) 𝑡𝑡

𝑇𝑇𝑚𝑚 𝑡𝑡 − 𝐵𝐵𝑚𝑚𝜃𝜃𝑚𝑚
1 𝑡𝑡 = (𝐽𝐽𝑚𝑚 + 𝐽𝐽𝐿𝐿)𝜃𝜃𝑚𝑚

(2) 𝑡𝑡

Motor Load

𝑇𝑇𝑚𝑚 𝑡𝑡 + 𝐾𝐾𝜃𝜃𝐿𝐿 𝑡𝑡 − 𝐵𝐵𝑚𝑚𝜃𝜃𝑚𝑚
1 𝑡𝑡 − 𝐾𝐾𝜃𝜃𝑚𝑚 𝑡𝑡 = 𝐽𝐽𝑚𝑚𝜃𝜃𝑚𝑚

(2) 𝑡𝑡
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Summary
Translational Motion
• Newton’s law

Rotational Motion

• Newton’s law
𝑓𝑓 𝑡𝑡 = 𝑀𝑀𝑀𝑀 𝑡𝑡 = 𝑀𝑀𝑣𝑣(1) 𝑡𝑡

= 𝑀𝑀𝑥𝑥(2)(𝑡𝑡)
𝑇𝑇 𝑡𝑡 = 𝐼𝐼𝛼𝛼 𝑡𝑡 = 𝐼𝐼𝜔𝜔(1) 𝑡𝑡

= 𝐼𝐼𝜃𝜃(2)(𝑡𝑡)

𝑓𝑓 𝑡𝑡 = −𝐾𝐾𝐾𝐾(𝑡𝑡)

𝑓𝑓 𝑡𝑡 = −𝑓𝑓𝑣𝑣𝑥𝑥(1)(𝑡𝑡)

𝐹𝐹 𝑠𝑠 = −𝐾𝐾𝐾𝐾(𝑠𝑠)

𝐹𝐹 𝑠𝑠 = −𝑓𝑓𝑣𝑣𝑠𝑠𝑋𝑋 (𝑠𝑠)

𝐹𝐹 𝑠𝑠 = 𝑀𝑀𝑀𝑀 𝑠𝑠 = 𝑀𝑀𝑀𝑀𝑀𝑀 𝑠𝑠
= 𝑀𝑀𝑠𝑠2𝑋𝑋(𝑠𝑠)

𝑇𝑇 𝑠𝑠 = 𝐼𝐼Α 𝑠𝑠 = 𝐼𝐼𝐼𝐼Ω 𝑠𝑠
= 𝐼𝐼𝑠𝑠2Θ(𝑠𝑠)

𝑇𝑇 𝑡𝑡 = −𝐾𝐾𝜃𝜃(𝑡𝑡)
𝑇𝑇 𝑠𝑠 = −𝐾𝐾Θ(𝑠𝑠)

𝑇𝑇 𝑡𝑡 = −𝐷𝐷𝜃𝜃(1)(𝑡𝑡)
𝑇𝑇 𝑠𝑠 = −𝐷𝐷𝐷𝐷Θ(𝑠𝑠)

𝐼𝐼

←

←




