Chapter 2 Dynamic Models

INSTRUCTOR:
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Learning Outcomes

* Recognize that transfer functions can describe the dynamic behavior of
physical systems.

* Model basic mechanical systems using transfer functions.
* Model basic electrical systems using transfer functions.
* Model basic mechatronic systems using transfer functions.

* Understand the important role of modeling in the control system design
process.
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Mathematical model

* Mathematical models vs. Physical Systems

* Mathematical model: approximate actual system’s behavior and test
control design

* More accessible, safer, and less expensive
* Modeling 1s difficult and expensive

* First principle modeling vs. Data-driven modeling

* Amodel 1s NOT the same as its real-world counterpart
* Same system can be modeled in different forms

* A good model captures the system’s essential characteristics
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Example

47K, 10%

* Physical system: a common 1-£) 2-W carbon
composition resistor

v (t)
* 1-V dc power supply p(t) = —=1W
- Mathematical model: current 1 A, and power

—
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260K, 0.1%

- Physical system: current approximately 1 A,
and power approximately 1 W
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* 10-V dc power supply

- Mathematical model: current 10 A, and power
100 W

- Physical system: no current




[L.inear Model

* Principle of Superposition

Input Output

u(t) = ajuq(t) + a,u,(t) y(t) = ayy;1(t) + azy,(t)

Superposition 4= System is Linear
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Why Linear Model

* NO mathematical model of a physical system is exact.

* All physical systems are nonlinear.

* Nonlinear model: significantly more challenging to analyze
 Linear model: adequate for control design purpose

* Linearization: linearize simple nonlinearities
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The Laplace Transform

* Laplace transform Ss=0+jw

roo e
F(s) = L{f (D)} 2 fo f(O)estde

F(s)
Input Laplace Output
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Properties of Laplace Transform L{f(©)} = F(s)
* Superposition

Liafi(t) + Bf2(t)} = aF,(s) + fF,(s)

e Differentiation
L{fWi=sF(s) —f(0)  L{f®P}=5*F(s) —sf(0) — f(0)

L{ft™(t)}=s™F(s) —s™ 1 f(0) —s™2f(0) — - — f"7D) (0)
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Feedback Control Design
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Dynamics of Mechanical System

Translational Motion Rotational Motion Combined Rotation and Translation
Spin around ’ff/
iy

Axis of Rotation :

—_—
s

Move from one point to another
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Translational Motion

* Newton’s law (second law): In an inertial reference frame, the vector
sum of the forces F (N) on an object 1s equal to the mass m (kg) of that
object multiplied by the inertial acceleration (m/sec?) of the object

F = ma

* Displacement, Velocity, and Acceleration
v(t) = x(0) a(t) = v () = x@(t)
V(s) = sX(s) A(s) = sV(s) = s*X(s)
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Spring and Damper

* Spring  —\V\N— * Viscous Damper —_IL

* Hooke’s law e Model friction

Unstrained length
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Cruise Control Model

vty
< 60\%0 70 7,
< M40

-

=30 [T TETRE = Iy

* Write the equation of motion for
the speed and forward motion

* Find the model between the
engine force u (input) and the
speed v (output)

* Input jumps from being =0 at
time =0 to a constant #=500 N
thereafter.

e Car mass m 1s 1000 kg and
viscous drag coefficient H= 50
N*sec/m.
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Free-body diagram for cruise control

Friction
force bv

—

X

LS

* The result 1s
u(t) — bv(t) = ma(t)

* Input-Output equation of motion

mvD () + bv(t) = u(t)

e Transfer function Model

Vis) 1
U(s) ms+b
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Active Suspension System

Without Aﬁ:tive Suspension

With Active Suspensior

S ‘ Suspension
e Level
Road Level Road Level

Lsu Copyright © 2025 XIANGYU MENG. All Rights Reserved



Suspension Model

* Write the equation of motion for
the automobile and wheel motion

* Vehicle mass: 1580 kg including
four wheels (mass: 20 kg each)

‘é b ——>ver e Car deflection: k; = 130,000 N/m
" r" *  Wheel deflection: k,,, = 1,000,000
N/m
’% N  Friction constant: b = 9800 N*sec/m

Inertial reference
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Rotational Motion

* Newton’s law to one-dimensional  * Angular acceleration a (rad/sec?):
rotational systems

T =la a(t) = 0P (@) = 0@ (1)

e Torque T (N*m): normally applied A(s) = sQ(s) = s20(s)
from a motor

« Moment of inertia I (kg*m?) ] g TR
 Angular velocity w (rad/sec) and i T(t) = —K0 (t)
angular displacement 6 (rad) - K
_ 1 Viscous 7(1) 6 (1)
w(t) — 9( )(t) dampler(«p T(t) _ _Dg(l) (t)
Q(s) = s0O(s) 3 5 kk
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&R Pixhawk 6
Quadrotor Drone R

Translational Motion Rotational Motion

+ ROLL

* Roll: Rotate around the front-to-back axis

e Pitch: Rotate around the side-to-side axis
+ THROTTLE

-PITCH  Yaw: Rotate around the vertical axis
* g
_ i + YAW
+ PITCH - THROTTLE : '
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Transter function

» Transfer Function ~ ©O(S) 11

— 2)
=—— T =16¢
U(s) Is?
T o(2) 218
1 0
= T - J- [ J -
Uls) 1 s20(s) 11 5 O(s) 11 O(s)
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Motor-load system v K LOAD

MOTOR

° ° 8 9
* Flexible Connection JinBe O L

T (£) + K6, (t) — B0 (£) — K6,y (£) = ;62 (£)
K6, (t) — K6, (t) = J,6(t)

* Rigid Connection

T (£) = B2 (6) = U +J1)02 (0)
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Summary

Translational Motion

e Newton’s law

Mass

—— x(7)

Spring

—‘—» x(1)

J(@)
—

K

Viscous damper

—— x(7)

f(t) = Ma(t) = MvD(¢)

v =0 F(s) = MA(s) = MsV (s)

= Mx@ (1)
= Ms?X(s)
f(t) = —Kx(¢)
F(s) = —KX(s)

F(©) = —fxD(0)
F(s) = —f,sX (5)

Rotational Motion

e Newton’s law

o T(t) =la(t) = Tw™ (t)

Inertia —l: (2) (t)
£) ) T(s) = IA(s) = IsQ(s)

I = [s40(s)

1) 6(1)

s msmi“g ((‘ T(t) = —K6(t)
E . T(s) = —KO(s)

Viscous 70) 00 T(t) = —DOW(¢)
| [ [ T(s) = —Ds0O(s)

R 1!
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