Note for the Instructors:

This Group Work is part of three series of Complex Numerical Analysis. Complex Numerical Analysis
is applying complex variables, instead of usual real variables, to commonly known numerical
algorithms. However, often we might have some advantages due to the complex numbers and (analytic)
functions properties. Please feel free to modify or edit the Group Work to fit your class. It may further
develop to be used as an undergraduate research project in computational mathematics or scientific
computing.

The presented Group Work is less known complex step differentiation, where we can avoid the
subtractive cancellation due to the independence of real and imaginary axis. It also gives an opportunity
to students to understand the effect of round off errors for any finite precision machine. For our
experience, adequate group size is two to three students in each group.

Here are some references for numerical differentiation, complex step differentiation, and examples of
subtractive cancellation:

Numerical Differentiation - Wikipedia
https://en.wikipedia.org/wiki/Numerical differentiation

Lyness, James N., and Moler, Cleve B., Numerical Differentiation of Analytic Functions, SIAM J.
Numerical Analysis 4, 1967, pp. 202-210. https://epubs.siam.org/doi/abs/10.1137/0704019

Squire, William, and Trapp, George, Using complex variables to estimate derivatives of real
functions, SIAM Review 40, 1998, pp. 110-112.

https://epubs.siam.org/doi/abs/10.1137/S003614459631241X

There are many Al tools that students can access (some are free and some need subscription fee). If
your students use the Al tools for the coding, reviewing the code in group or in class is important.
(From vibe coding to peer coding) Here is an example of numerical differentiation with forward finite
difference scheme, generated by Google Gemini (free account):

4 Al Overview

The forward finite difference approximation for a first derivative has a first-order

convergence (O(h)), meaning the error decreases linearly as the step size h
shrinks. < MathWorks
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Below is a complete MATLAB code that evaluates the derivative of a sample function f(x)
= sin(x) at a specific point x5 = 1 using successively smaller step sizes, calculates the
error, and displays the empirical order of convergence.

MATLAB Code

matlab

clear; clc; close all;



%= 1. Define the funciion ond its exoct derivative amglyiically

f = @{x} sin(x};
df = B(x) cos{x};

£ Point of interest
¥ = 1.8;

exact wval = df{xe);
£ 2. pefine o sequence-of decreasing step sizes (h)
Fe.gi, =101, I8°=3; ui.p; 10717

h_walues = logspace(-1, -12, 12};

= Preallocate arrays for sioroge
num_derivs = zeros{size(h values});
Errcrs = Zeros{size(h_wvalues});

£ 3. Compute numericol derivative using jorword difference for each h
i = 1:length({h_walues)

h = h_wvalues{i);

& Forwgrd dijference jormula: £'(x) = (fix+h) — Ff{x}) £ h
num_derivs{i) (F{xe + h) - f{x@)) f h;

gbs(num_derivs{i) - Exacf_ual};

for

errors{i)

end

]
m

&,

stimgte The order of convergence {sLope oFf Log{error) vs Log{h))
Erfor = € * f*p => Log(error) = p'* Log(h) + Log(c)

diff{logl{errors)} ./ diff{log{h_walues));
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fprimkf(" h Derivative Absolute Error Est. Order [p)\n
B i 1 \n®
fprimkf{ "X18.2e *12.8f is.2e\n', h values{1l), num derivs{l}), errors{l})
for 1-= 2ilengthi{h_wvalues)
fprintf('%18.2e Ei1z2.81 Elq.2e ®14.2f\n',
hovalues(i), num_derivs(i), errors{i), p{i-1});

in

Display results in g jormgited table

end

¥ &. Plot the error convergence Log-log groph

figure;

loglog(h values, errors, '-o°, ‘LineWidth®, 2, 'MarkerFaceColor', °‘r'});
grid on;

xlabel{ "Step Size {(h)'};

ylabel( ‘Absolute Error®});

title{'Forward Difference Errcor & Convergence');

legend{ "Aactual Error®, 'Location®, ‘Southeast");

And here is the result of the computation of the above Matlab code, which shows both the errors for
each step size and the order of convergence. It also shows graphical result of the order of convergence,
which shows the forward finite difference scheme is ill-conditioned.



h Derivative Lhsolute Error Est. Order (p)

1.00e—-01 0.45736375 4.262—02
1.00e—-02 0.536085588 4.220-03 1.01
1.00e—-03 0.53588148 4.21e—04 1.00
1.00e—04 0.54026023 4.21e—-05 1.00
1.00e—-05 0.54025810 4.21e—06 1.00
1.00e—-06 0.540301E9 4.21e-07 1.00
1.00e—-07 0.54030226 4.18=—08 1.00
1.00e—08 0.54030230 2.87=—0% 1.15
1.00e—-0% 0.54030236 5.25=—08 -1.25
1.00e-10 0.54030225 5.E5=—08 —0.05
1.00e-11 0.54030114 1.17e—-08& -1.30
1.00e-12 0.54034555 4.322—-05 -1.57
Table 1: Absolute Errors and the Estimated Order of Convergence
Forward Difference Error & Convergence
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Graph 1: The Order of Convergence in Absolute Error & Step Size in Log-Log scale



Note that numerical differentiation with forward finite difference scheme can be derived from the
Taylor series expansion, and the order of convergence is 1, as one can see from the truncation error as
follows:

For a smooth function f(x), by Taylor series expansion,

Fa 1) = £(o) + fn+ T

where £ is between = and = + h. Rewriting for f’(x), we have
fl@+h)—flx)  ["Eh _ fla+h) - f(z)

f(x) = i +io = i +O(h).

Now for the Complex Step Differentiation, similar computation shows the order of convergence as 2 as
follows. In addition, it has no subtractive cancellation, and as a result, the algorithm is more stable
numerical method.

By Taylor series expansion again, but with complex variable, we have

fla+in) = fo) + fayin - LI L
Which shows, ’ :
_ Im(f(z +1h))

Flx)= . + O(h?).

Here is a sample Matlab code for Complex Step Differentiation:

% Complex Step Differentiation Example with
% Centered Finite Difference Scheme for comparison
clear; clc; close all;

% define a test function
F = @(x) exp(x)./((cos(x)).A3 + (sin(x)).N3)

% complex step vs centered finite difference approximation
Fpc = @(x,h) imag(F(x+1i*h))/h;
Fpd = @(x,h) (F(x+h) - F(x-h))/(2*h);

%Compare them for a sequence of decreasing h
format long
disp([' h complex step finite differerence'])
for h = 10.7A(-(1:16))

disp([h Fpc(pi/4,h) Fpd(pi/4,h)])
end

% Differentiate and evaluate the derivative at m/4
% with the Symbolic Toolbox

syms x

F = exp(x)/((cos(x))N3 + (sin(x))"3);

Fps = simple(diff(F));



exact =
flexact =

subs(Fps, pi/4);
double(exact);

% Error Plot in Log-Log scale

h =
errs =

10.M(-(1:16)");
zeros(16,2);

for k = 1:16

errs(k,1)
errs(k,2)

end

loglog(h,errs)
axis([eps 1 eps 1])
set(gca, 'xdir', 'rev")

legend('complex step', 'finite difference', 'location', 'southwest')

xlabel('step size h')
ylabel('error')

Here is the result of the above Matlab code: Note that the Centered Finite Difference Scheme also has

the order of convergence as 2.

m 3 n 5D O 0800 @2 686650 O 0 00

h

. 188868a2680000088
.glenceadeeosas
.d8lacaagdegaoans
Lagaleeddeensead
s (o] e e fa el ean foleens)
. DEEEaladeanoaas
. 20008 loeaaaeae
. 200866801 60000688
. d8gpoeaglogosas
.degacaadelasans
.degooeddealaces
s (o] e o e fu el e e e e
s [c]cdalclede fofeledn o pat)
MLs [o]chalolote faleloRa sl N )
. 200866826000881
s (ol halslshe falolahatalotats)

L N ¥ S I ¥ * I = R ¥ )

complex step

14427 68486345639
L182180875411278
L181778529535847
.181766435192943
.181766394249628
.1817663935840188
.181766393836891
.18176639358360853
.1817663938356052
.181766395836852
.1817663938360853
.181766393836853
.181766393836852
.181766393836853
.1817663935836852
.1817663938356053

abs (Fpc(pi/4,h(k))-exact);
abs(Fpd(pi/4,h(k))-exact);

finite differerence

3

L R Y I A Y]

.B615113866568119
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Table 2: Complex Step vs. Centered Finite Difference Scheme



Finally, the order of convergence for both Complex Step Differentiation, and the Centered Finite
Difference Scheme are plotted in a log-log scale graph for comparison. Notice that both algorithms
start with the same order of convergence, but the Centered Finite Difference Scheme starts to fail to
maintain the accuracy when the step size is getting smaller.
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Graph 2: The order of convergence comparison for the Complex Step Differentiation,

and the Centered Finite Difference Scheme



