
Background Preparation for Part 2

Included here are two motivating examples and two assigned homework problems related to dynamical
systems that the author has used to introduce this project.

Eigenvalue Motivating Examples from Class

These are two of the motivating examples covered in class at the beginning of the eigenvalue unit.



Two homework problems on Dynamical Systems

These two homework problems are assigned in the week leading up to the project. The section numbers
correspond to David Lay’s Linear Algebra and its Applications, 6th edition.

1. (Section 5.1) Let u and v be eigenvectors of a matrix A, with corresponding eigenvalues λ (lambda)
and µ (mu). Let c1 and c2 be scalars. Define

xk “ c1λ
ku ` c2µ

kv

for k “ 0, 1, 2, . . .

(a) Use the given definition above to find a formula for xk`1.

Solution. We just need to replace k with k ` 1 in the given formula:

xk`1 “ c1λ
k`1u ` c2µ

k`1v.

(b) Show that Axk “ xk`1.
(Hint: Think about how you can use eigenvalues and eigenvectors here!)

Solution.

Axk`1 “ Apc1λ
ku ` c2µ

kvq (definition of xk)

“ c1λ
kAu ` c2µ

kAv (distribute A)

“ c1λ
kpλuq ` c2µ

kpµvq (use eigenvector equations for u and v)

“ c1λ
k`1u ` c2µ

k`1v (simplify)

(c) Suppose that |λ| ă 1 and |µ| ă 1. For this scenario, explain why xk Ñ 0 as k Ñ 8, regardless
of the choice of scalars c1 and c2.

Solution. Since |λ| ă 1 and |µ| ă 1, λk and µk will get smaller and approach 0 as k Ñ 8.
Thus xk`1 “ c1λ

k`1u ` c2µ
k`1v Ñ c1p0qu ` c2p0qv “ 0 as k Ñ 8.

2. Consider the following difference equation model representing the population movement between a
city and the surrounding suburbs. Suppose that 5% of the city population each year moves to the
surrounding suburbs, while 7% of the suburb population moves into the city each year. Assume
these migration rates remain constant from year to year.

Let pk represent the population in the city in year k and sk the population in the suburbs in year k.
Assume population is measured in millions, so that pk “ 1 means 1 million people. The following
difference equation represents how the populations change year-to-year according to this model.

pk`1 “ 0.95pk ` 0.07sk

sk`1 “ 0.05pk ` 0.93sk

Remember, you encountered a difference equation in Mini-Project 1. For a refresher, look back at
the Mini-Project 1 reading on pp. 89-90 at the end of Section 1.10.

(a) In a few sentences, explain how to get from the given information to the difference equation.

Solution. Each year, 95% of the city population stays in the city (0.95pk), while 7% of the
suburb population enters the city (0.07sk). This gives us the pk`1 equation. For the second
equation, we know that 5% of the city population enters the suburbs (0.05pk) while 93% of the
suburb population stays in the suburbs (0.93sk).



(b) Express the difference equation in matrix-vector form xk`1 “ Mxk. We call the matrix in this
model a migration matrix. Show that λ1 “ 1 is an eigenvalue of M and find its corresponding
eigenvector, v1. What do the components of this vector represent in context of the model?

Solution. We have M “

„

0.95 0.07
0.05 0.93

ȷ

.

To show that 1 is an eigenvalue, you can solve Mv1 “ v1, or pM ´ Iqv1 “ 0.

rM ´ I|0s “

„

´0.05 0.07 0
0.05 ´0.07 0

ȷ

ÝÝÑ
rref

„

1 ´7{5 0
0 0 0

ȷ

Solving this equation, we find v1 “

„

7{5
1

ȷ

(or any nonzero multiple of this). This tells us that

if we start with 7{5 “ 1.4 million people in the city and 1 million people in the suburbs, the
populations will remain unchanged from year to year. This is because xk`1 “ Mxk, and so
when x0 “ v1, x1 “ Mv1 “ v1 “ x0, which means x2 “ Mx1 “ Mv1 “ v1 “ x0, and so on.

(c) Find a basis for R2 consisting of v1 and another eigenvector, v2, of A.

Solution. We need to find the other eigenvalue, which means we need to compute the roots of
the characteristic polynomial.

ppλq “ detpM ´ λIq “

ˇ

ˇ

ˇ

ˇ

0.95 ´ λ 0.07
0.05 0.93 ´ λ

ˇ

ˇ

ˇ

ˇ

“ p0.95 ´ λqp0.93 ´ λq ´ 0.0035

“ λ2 ´ 1.88λ ` 0.88

Thus λ “
1.88 ˘

a

1.882 ´ 4p0.88q

2
“

1.88 ˘ 0.12

2
“ 1, 0.88. Solving pM ´ 0.88Iqv2 “ 0, we

find v2 “

„

´1
1

ȷ

(or any nonzero multiple of this). These two eigenvectors v1 and v2 form a

basis for R2.

(d) Suppose that initially the total population is one million people and is split equally between
the city and the surrounding suburb. Find c1 and c2 such that x0 “ c1v1 ` c2v2.

Solution. We need to solve
„

1{2
1{2

ȷ

“ c1

„

7{5
1

ȷ

` c2

„

´1
1

ȷ

The solution to this system is c1 “ 5{12 and c2 “ 1{12.

(e) Given x0 from (d), find a formula for xk (look back at the Feedback Problem 5 in Section 5.1).
Then, determine what happens to the populations as k Ñ 8 according to this model.

Solution. We have x0 “ 5{12v1 ` 1{12v2. From problem 5 in Section 5.1 feedback problems,
we have

xk “ p5{12q1kv1 ` p1{12qp0.88qkv2.

As k Ñ 8, p0.88qk Ñ 0. Also, 1k “ 1 for all k. Thus xk Ñ p5{12qv1 “

„

7{12
5{12

ȷ

. The first

value represents the limit of the population in the city as k Ñ 8 and the second the population
in the suburbs, assuming that we start with half a million in each region.


