Comments This is one of my favorite problem assignments in our Solid Earth
Geophysics class, typically taken by junior and senior concentrators and by first-year
graduate students. I encourage students to work together on it and/or consult with me (or
the TA on the rare occasions that this course has had a TA). There are often planetary
geology students taking this course, so it is useful for them to see how models of interiors
of planets can be constrained. I preface the problem with notes of some of what I review
in class before making the assignment and provide an answer copied from one of the
students. This particular student wrote out everything in detail, so the answer is much
longer than typical - also worked in cgs, rather than mks units, but otherwise answer is
correct.

The homework problem requires the students to use the physical concept of moment
of inertia; to plot models of density structure that reinforce knowledge of the density
stratification of the earth; to do a triple integral in spherical coordinates, following the
template above given in class; and to solve sets of simultaneous equations in two or three
unknowns, using concepts from linear algebra.

Although these equations can be solved entirely by hand with use of a hand
calculator, I encourage the students to try solving them with a computer routine, such as
MATLAB. As I warn the students, solving with computer routines usually fails initially,
because the coefficients differ in size by many orders of magnitude. Thus, this also can
become a lesson in round-off errors or machine accuracy - further lessons in linear
algebra result in showing them how to renormalize the equations or variables to restore
accuracy.

Don Forsyth

Moment of Inertia Review
moment of inertia, I, is the rotational analog to mass
Linear momentum p =mv Angular momentum L = Iw

where m = mass, v = velocit where I = moment of inertia
o
o = angular velocity

Kinetic energy= " mv’ Rotational kinetic energy T = % I’
d

Force F= @ =mﬂ Torque N = % =Id—w
dt dt dt dt

These equations valid for linear motion or rotation about fixed axis. In general, velocity,
angular velocity, momentum, angular momentum, force and torque are all 3-D vectors.

Moment of inertia of a solid body about an axis

I= f f f PR*dV where p is density, R is distance from rotation axis, and dV is

volume element.



Example: Moment of inertia of uniform sphere

¢ latitude, 0 colatitude, A longitude, r distance
from center

In spherical coordinates, volume element
dV = r’sinf dr do dr

Radius of sphere = a R =rsinf
a m 2w

I= [ [ [ p(rsin6)** sinOdrd6dA
r=00=0A=0

In general p (1, 6, A). In spherically symmetric body, density is function of radius only,
p(r), so

—cos@} = i
3

0

cos’ 6

I=2x [ pr* [sin'6d6dr  but [sin’0d6 = [ (1-cos’6)sin6d6 = [
0 0 0 0

8 4 . 8t
so [=— | pridr . If p is a constant, then / =— pa’.
v p 5P

A similar integral can be performed to find the mass, M, of the sphere
M= f f f or’ sinOdrdOd) = %ercf , if density is constant. Combining these two

expressions, we find that the moment of inertia of a solid, uniform sphere is

I= %Maz =0.4Ma*

As is shown in the next week of lectures, the moment of inertia of the earth, instead of
being 0.4 Ma?, is 0.331 Ma®. Given the definition of moment of inertia, what does this
imply about density distribution in the earth as a function of radius?

The moment of inertia and the mass are the two primary constraints we have on the
internal constitution of the planets, including the earth. The homework assignment
demonstrates how these observations can constrain models of the planet Earth, especially
in conjunction with one or two additional pieces of information.



Geo 161 Due Thursday, September 12, 2002
Use mass and moment of inertia of the earth to constrain the density distribution of the earth.

a. Assume the earth is radially symmetric and composed of 2 layers - a uniform outer mantle and a
uniform core. Neglect the earth's crust. Rocks we think are representative of the earth's mantle

have a density of about 3300 kg/m3 at the earth's surface. Assuming that this is the density of the
mantle, pm, compute the radius and density of the core. You will need the mass of the earth, Mg =

5 - 5.976 x 1024 kg and moment of inertia, e =.3308 Me a2. Radius of earth,
/ \\ a=6.37x 100 m. Simplest approach is to assume a uniform sphere with
[ (pp | ‘l density pm and the radius of the earth, then consider radius of inner uniform
' \‘ / sphere (core) with additional density, p,, such that the density of the core p¢
\ / = pPm + Pp. The sum of the effects of the two uniform spheres have to satisfy
two constraints, the total mass and total moment of inertia, thus giving two
equations in the two unknowns, reore and pjy.

b. 3300 kg/m3 is probably the minimum density of the mantle, since rocks are compressed with
depth by increasing pressure. The result of part (a) then gives the maximum possible radius of the
core. What is the maximum possible density of the outer shell consistent with the mass and
moment of inertia constraints? (let reore — 0 and py — ). You will have to think here about

how to satisfy both constraints simultaneously

M. = %ﬂ: pma3 + %ﬂpAI{éore
I. = %Tc Pmad + %n PAlRore

c. From seismology, we know that the radius of the core is about 3500 km -- what are the densities
of the core and mantle in this case?

d. What are the mass and moment of inertia in a sphere in which density increases linearly with
increasing depth ( i.e., p(r) =c - br)? (Evaluating integrals analytically is all that is required here,
no numbers).

e. Assume the radius of the core = 3500 km. Assume the density in both the core and the mantle
increase linearly with depth with the same gradient, and that the density at the surface (r = a) is

3300 kg/m3. What is the profile of density in the core and the mantle? Use your analytical
expression from part d for whole earth and add the extra effect of uniform extra core density, as in
part a.

This part requires the solution of three equations in three unknowns, ¢, bm, and p,. Set up in form

¢ - b,a=3300
M, +M.=M,
I,+1.=1,



where M, and Iy, the mass and moment of inertia of the whole earth not counting the extra effect
of increased density in the core, are functions of by and ¢, and M¢ and I¢, the mass and moment of
inertia of the extra density of the core, are functions of p,.

f. How do your models a, ¢, and e compare to detailed density profiles of the earth? (i.e., plot on
diagram below and discuss briefly.)
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Density profile of Earth model by Dziewonski et al. (1875) (solid line)
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Density profile of Earth model by Dziewonski et al. (1975) (solid line)
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